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In this paper, we will propose the most general form of the deformation of Heisenberg algebra 
motivated by the generalized uncertainty principle. This deformation of the Heisenberg algebra will 
deform all quantum mechanical systems. The form of the generalized uncertainty principle used to 
motivate these results will be motivated by the space fractional quantum mechanics, and non-locality 
in quantum mechanical systems. We also analyse a speciﬁc limit of this generalized deformation for 
one dimensional system, and in that limit, a nonlocal deformation of the momentum operator generates 
a local deformation of all one dimensional quantum mechanical systems. We analyse the low energy 
effects of this deformation on a harmonic oscillator, Landau levels, Lamb shift, and potential barrier. We 
also demonstrate that this deformation leads to a discretization of space.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
A universal prediction of almost all approaches to quantum 
gravity is the existence of a minimum measurable length scale, and 
it is not possible to make physical measurements below this scale. 
String theory is one of the most important approaches to quantum 
gravity. The string length scale acts as a minimum length scale in 
string theory as the strings are the smallest probes that exist in 
the perturbative string theory [1–6]. The existence of a minimum 
measurable length in loop quantum gravity turns the big bang into 
a big bounce [7]. It can be argued from black hole physics that any 
theory of quantum gravity should have a minimum measurable 
length scale of the order of the Planck scale [8,9]. This is because 
the energy needed to probe any region of space below Planck scale 
is larger than the energy required to form a mini black hole in that 
region of space. Even though the existence of a minimum measur-
able length scale is predicted from various different theories, the 
existence of a minimum measurable length scale is not consistent 
with the usual Heisenberg uncertainty principle. This is because 
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SCOAP3.according to the usual Heisenberg uncertainty principle, length can 
be measured with arbitrary precision, as long as the momentum is 
not measured. To incorporate the existence of a minimum measur-
able length scale in the uncertainty principle, the usual Heisenberg 
uncertainty principle has to be generalized to a generalized uncer-
tainty principle (GUP) [10–15]. The uncertainty principle is related 
to the Heisenberg algebra, and so any modiﬁcation of the uncer-
tainty principle will deform the Heisenberg algebra [16–20]. The 
deformation of the Heisenberg algebra will in turn modify the the 
coordinate representation of the momentum operator [21–23]. As 
the coordinate representation of the momentum operator is used 
to derive the quantum mechanical behavior of a system, the mod-
iﬁcation of the coordinate representation of the momentum op-
erator will produce correction terms for all quantum mechanical 
systems. It may be noted that even though the minimum mea-
surable length scale has to exist at least at the Planck scale, it is 
possible for the minimum measurable length scale to exist at a 
much lower length scale. In fact, it has been demonstrated that if 
the minimum measurable length scale exists at a scale much lower 
than the Planck scale, then the deformation of the Heisenberg al-
gebra produced by it can have interesting low energy consequences 
[24]. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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by the existence of a minimum measurable length scale, there 
can be other motivations for studying the theories based on the 
generalized uncertainty principle. It has been demonstrated that 
the generalized uncertainty principle can be motivated from the 
breaking of supersymmetry in supersymmetric ﬁeld theories. It 
is important to break supersymmetry at suﬃcient large energy 
scale because the low energy supersymmetry has not been ob-
served. Even though there are various different mechanisms for 
breaking supersymmetry, it has been demonstrated that the break-
ing of supersymmetry due to non-anticommutativity deforms the 
Heisenberg algebra, and this deformed Heisenberg algebra is con-
sistent with the existence of the generalized uncertainty princi-
ple [25]. The coordinate representation of the momentum oper-
ator produced from this deformation of the Heisenberg algebra, 
and the coordinate representation of the momentum operator pro-
duced from minimum measurable length scale contains a quadratic 
power of momentum (at the leading order). However, it is also 
possible to motivate a different deformation of the Heisenberg al-
gebra, and this deformation of the Heisenberg algebra occurs is 
due to the doubly special relativity [26–28]. The doubly special 
relativity is a theory in which the Planck energy and the velocity 
of light are universal constants, and as the theory contains more 
than one universal constant, is called the doubly special relativ-
ity. The doubly special relativity is motivated from the deformed 
energy–momentum dispersion relation which occurs due to the 
existence of a maximum energy scale. Such a deformation of the 
energy–momentum dispersion relation occurs in various different 
approaches to quantum gravity, such as the discrete spacetime 
[29], the spontaneous symmetry breaking of Lorentz invariance in 
string ﬁeld theory [30], spacetime foam models [31], spin-network 
in loop quantum gravity [32], non-commutative geometry [33], and 
Horava–Lifshitz gravity [34]. It is possible to combine the quadratic 
deformation of the Heisenberg algebra (motivated by the existence 
of a minimum measurable length and breaking of supersymme-
try), with the deformation of the Heisenberg algebra produced by 
the doubly special relativity [35–37]. The coordinate representa-
tion of the momentum operator for such a deformed Heisenberg 
algebra which is produced by the combination of both these defor-
mations contains linear powers of the momentum operator in the 
coordinate representation of the momentum operator. This pro-
duces fractional derivative contributions in any dimension beyond 
the simple one dimensional case. However, it is possible to study 
these fractional derivative terms using the harmonic extension of 
functions [38,39].
One of the most interesting consequences of the deformed 
Heisenberg algebra (containing linear powers of momentum in the 
coordinate representation of the momentum operator) is that it 
leads to a discretization of space [35]. It may be noted that it is 
possible to have low energy consequences of this deformation of 
the Heisenberg algebra, if the deformation scale is assumed to be 
suﬃcient large [24]. In fact, it has been demonstrated that for sim-
ple quantum mechanical systems like the harmonic oscillator, the 
Lamb shift and the Landau levels get corrected by this deformed 
Heisenberg algebra, and these corrections can be experimentally 
measured [40]. It may be noted that second quantization of de-
formed ﬁelds theory has been studied, and the deformed ﬁeld the-
ories have been motivated by the generalized uncertainty principle 
[41–45]. As interesting physical consequences have been obtained 
using the deformation of the momentum operator by both the lin-
ear and quadratic form of the generalized uncertainty principle, we 
will propose the most general form of such a deformation, and we 
will analyse an interesting limit of this most generalized uncer-
tainty principle.2. Generalized uncertainty principle
In this section, we will propose the most general form of the 
deformation of the momentum operator, and the effect it can have 
on different quantum mechanical systems. The modiﬁcation of the 
usual uncertainty principle to a generalized uncertainty principle is 
motivated from the existence of minimum measurable length scale 
[10–15], double special relaivity [26–28], spontantious symmetry 
breaking [25], string theory [1–6], loop quantum gravity [7], black 
hole physics [8,9], and modiﬁed dispersion relation which occurs 
in discrete spacetime [29], the spontaneous symmetry breaking 
of Lorentz invariance in string ﬁeld theory [30], spacetime foam 
models [31], spin-network in loop quantum gravity [32], non-
commutative geometry [33], Horava–Lifshitz gravity [34]. In the 
simple case of a one dimensional generalized uncertainty princi-
ple, the usual uncertainty between momentum p and position 
x is modiﬁed from its usual form px ≥ h¯/2 to a deformation 
by some function of p, for example, px ≥ h¯/2 +h¯λ(p)2, where 
λ is the deformation parameter. Such a deformation has been con-
sidered for higher dimensions [38]. However, uncertainty principle 
is closely related to the Heisenberg algebra, so a deformation of the 
uncertainty principle will deform the Heisenberg algebra. However, 
almost all the work done on the deformed Heisenberg algebra has 
been done on the deformation motivated from generalized uncer-
tainty principle containing a quadratic momentum term [10–15]
and a linear momentum term [35–37]. In this paper, we will ﬁrst 
construct the most general deformation of the Heisenberg algebra, 
and then analyse a speciﬁc limit of this algebra. Even though a lot 
of work has been done on both linear and quadratic deformation 
of the Heisenberg algebra, such a limit of this deformation has not 
been analysed. Now we can also write the most general deforma-
tion of the Heisenberg algebra as
[xi, p j] = ih¯
[
δij + f [p]ij
]
, (1)
where f [p]ij is a suitable tensorial function that is ﬁxed by the 
form of the generalized uncertainty principle, and which in turn 
ﬁxes the form of coordinate representation of the momentum op-
erator. The deformation of the Heisenberg algebra in turn deforms 
the coordinate representation of the momentum operator. It may 
be noted that for for a quadratic generalized uncertainty princi-
ple, the coordinate representation of the momentum operator gets 
deformed from pi = −ih¯∂i to p˜i = −ih¯∂i(1 − λh¯2∂ j∂ j), where λ is 
the deformation parameter [21–23]. Thus, as the original moment 
momentum is pi = −ih¯∂i , the quadratic generalized uncertainty 
principle deforms the momentum to
pi → p˜i = pi(1+ λp j p j). (2)
We can deﬁne this deformation for a one dimensional case as fol-
lows, p → p˜ = p(1 + λp2). Now we can write the deformation of 
a one dimensional quantum mechanical Hamiltonian for a particle 
as
H = p
2
2m
+ V (x) → H + λHh, (3)
where the correction term scales as Hh ∼ p4.
The deformation produced by combining this quadratic defor-
mation with doubly special relativity deforms the coordinate rep-
resentation of the momentum operator from pi = −ih¯∂i to p˜i =
−i(1 −λ1h¯
√
−∂ j∂ j −2λ2h¯2∂ j∂ j)h¯∂i [35–38]. Thus, the effect of this 
deformation is that the original momentum pi = −ih¯∂i , gets de-
formed to
pi → p˜i = pi
(
1+ λ1
√
p j p j + 2λ2p j p j
)
. (4)
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nation of the quadratic deformation with doubly special relativity 
λ2 = 2λ21 [35–38]. Now we can write this deformation for a one 
dimensional system
p → p˜ = p(1+ λ1p + λ2p2). (5)
The deformation of a quantum mechanical Hamiltonian for a par-
ticle in one dimension by this form of generalized uncertainty can 
now be written as
H = p
2
2m
+ V (x) → H + λ1Hh1 + λHh2 (6)
where the correction terms scale as Hh1 ∼ p3 and Hh2 ∼ p4.
It may be noted that in higher dimensions linear contributions 
from momentum operator introduce fractional derivative terms. 
It may be noted that in any dimension greater than the sim-
ple one dimensional case, such fractional derivative terms will 
occur for any power of momentum in the deformation of the 
momentum operator. This is because for any power of the mo-
mentum operator pi → p˜i = pi(1 + λr(p j p j)(r/2) , we can write 
the coordinate representation as p˜i = −ih¯∂i(1 + λr(−h¯2∂ i∂i)(r/2)). 
Now when r = 2n, then this term does not contain fractional 
derivative terms (h¯2∂ i∂i)r/2 = (h¯2∂ i∂i)n . However, when r = 2n + 1, 
then this term contains fractional derivative terms (h¯2∂ i∂i)r/2 =
(h¯2∂ i∂i)n(h¯
2∂ i∂i)
1/2. Such fractional derivative terms can be effec-
tively analysed using harmonic extension of functions [38]. How-
ever, it is also possible to analyse any fractional derivative term 
using the theory of harmonic extension of functions, and so we 
can also propose that this deformation contains arbitrary fractional 
powers of the momentum and write
pi → p˜i = pi
(
1+
∑
λ1r(p
j p j)
r/2
)
. (7)
It may be noted that such fractional derivative terms occur in 
space fractional quantum mechanics [46,47]. In this equation the 
Brownian trajectories in Feynman path integrals are replaced by 
Levy ﬂights. It is possible to study Levy crystals in condensed 
matter physics using such a fractional quantum mechanics [48]. 
Fractional quantum mechanics has also been applied in optics, and 
this is because fractional quantum harmonic oscillator have been 
used to analyse dual Airy beams which can be selectively gen-
erated under off-axis longitudinal pumping [49]. Thus, there is a 
good motivation to incorporate such terms in the generalized un-
certainty principle. So, we can also include (pi pi)r terms in the 
generalized uncertainty principle.
It may be noted that this deformation of the momentum op-
erator can produce fractional derivative terms. Let us consider 
a simple deformation of the momentum operator involving frac-
tional derivative terms, pi → p˜i = pi(1 + λ(p j p j)1/2), and in this 
deformation the Schroedinger’s equation will contain a fractional 
derivative term of the form 
√
−∂ j∂ j . Even though such fractional 
derivative terms exist in the Schroedinger’s equation, it is pos-
sible to deal with them using harmonic extension of function. 
Thus, we will formally analyze i(∂ i∂i)1/2 using the harmonic ex-
tension of wave function from R3 to R3 × (0,∞) [70–74]. So, let 
u : R3 × (0,∞)−→R be a harmonic function which is the har-
monic extension of a wave function ψ : R3−→R, such that the 
restriction of u to R3 coincides with ψ . Now this can be analyzed 
as a Dirichlet problem, which is given by
u (x,0) = ψ (x) , ∇24u (x, y) = 0. (8)
Here ∇24 is the Laplacian operator in R4, such that x ∈ R3 and 
y ∈ R. It may be noted that there is a unique harmonic extension u ∈ C∞(R3 × (0,∞)), for any smooth function on C∞0 (R3). So, we 
can analyze the action of the differential operator i(∂ i∂i)1/2 on the 
wave functions ψ :R3−→R using the harmonic extension of func-
tions. Now as u: R3 × (0,∞)−→R, is the harmonic extension of 
the wave function, we can write(
i(∂ i∂i)
1/2ψ
)
(x) = − ∂u (x, y)
∂ y
∣∣∣∣
y=0
. (9)
The function 
(
i(∂ i∂i)1/2ψ
)
(x) also has harmonic extension to R3 ×
(0,∞). This harmonic extension can be written as uy (x, y), when 
u (x, y) is the harmonic extension of ψ(x). So, from the successive 
applications of i(∂ i∂i)1/2, we obtain(
i(∂ i∂i)
1/2
(
i(∂ i∂i)
1/2ψ
))
(x) = ∂
2u (x, y)
∂ y2
∣∣∣∣
y=0
= −∇23u(x, y)
∣∣
y=0
= −∇23ψ (x) .
Thus, we can write [i(∂ i∂i)1/2]2ψ(x) = (−∇23 )ψ(x), and give a for-
mal meaning to the fractional differential operator as i(∂ i∂i)1/2 =
(−∇23 )1/2. It may be noted that for u ∈ C2 (R× (0,∞))), we can 
write(
i(∂ i∂i)
1/2 (∂iψ)
)
(x) = − ∂y (∂iu (x, y))
∣∣
y=0
= −∂i u y (x, y)
∣∣
y=0
= ∂i
(
i(∂ i∂i)
1/2ψ
)
(x) .
So, we obtain(
−∇23
)1/2
∂i = ∂i
(
−∇23
)1/2
. (10)
Thus, this fractional derivative commutes with the usual deriva-
tives.
It is possible to demonstrate the this fractional derivative op-
erator, i(∂ i∂i)1/2, is an self-adjointness operator [72–75]. Now let 
u1 (x, y) and u2 (x, y) be the harmonic extensions of ψ¯1 (x) and 
ψ2 (x), respectively. Furthermore, let both of these harmonic ex-
tensions vanish for |x| , |y| −→ ∞. Now we can write [75]∫
C
∇4u1 (x, y) · ∂ i∂i4u2 (x, y)dxdy
=
∫
C
∇4·
(
u1 (x, y) ∂
i∂i4u2 (x, y)
)
dxdy
=
∫
∂C
u1 (x, y)∇4u2 (x, y) dxdy
= −
∫
R3
u1 (x, y)
∂
∂ y
u2 (x, y)
∣∣∣∣
y=0
dx, (11)
where ∂C is the border of C . So, for harmonic extensions u1 and 
u2, we can write [73]∫
C
u1 (x, y)∇24u2 (x, y) dxdy −
∫
C
u2 (x, y)∇24u1 (x, y) dxdy = 0.
Now this can be written as∫
3
(
u1 (x, y)
∂
∂ y
u2 (x, y) − u2 (x, y) ∂
∂ y
u1 (x, y)
)∣∣∣∣
y=0
dx = 0.
R
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R3
(
ψ¯1 (x)
∂ψ2 (x)
∂ y
− ∂ψ¯1 (x)
∂ y
ψ2 (x)
)
dx = 0.
So, we obtain∫
R3
ψ¯1 (x) i(∂
i∂i)
1/2ψ2 (x)dx =
∫
R3
ψ2 (x) i(∂
i∂i)
1/2ψ¯1 (x)dx. (12)
Thus, we can deal with the fractional derivative terms produced 
by the deformation of the momentum operator by the generalized 
uncertainty principle using harmonic extension of wave function. 
It may be noted that it is known that such fractional derivative 
terms are self-adjointness operator [70–75]. However, in this pa-
per, we have proposed them to be produced by a deformation of 
the generalized uncertainty principle. It may be noted that the self-
adjointness of the momentum operator deformed by generalized 
uncertainty principle has been analysed over different different do-
mains [76]. In this paper, we will ﬁrst propose the most general 
form of such a deformation, and then analyze a speciﬁc interesting 
deformation produced by the generalized uncertainty principle.
3. Non-locality
It is also possible to analyse a more general deformation of the 
momentum operator, which would contain inverse powers of the 
momentum operator. Such a deformation can be motivated from 
non-local quantum mechanics. Now for example the Schroedinger 
equation with a non-local term can be written as [50–55]
ih¯∂tψ(x) + 1
2m
h¯2∂ i∂iψ(x) − V (x)ψ(x) =
∫
d3x′K (x, x′)ψ(x′x)
(13)
where K (x, x′) is a non-local operator, and such nonlocal terms 
are written as functions of (pi pi)−1. In fact, this can be easily 
seen for a very simple non-local deformation of a scalar ﬁeld the-
ory. Nonlocal deformation of ﬁeld theory has been studied using 
axiomatic ﬁeld theory [56–60]. Non-local deformation of gravity 
has also been studied, and such models of non-local gravity have 
been used to produce interesting physical results [61–64]. Nonlo-
cal deformation of scalar ﬁeld theory has also been studied [65,
66]. However, we will only consider a very simple nonlocal defor-
mation of a simple massless scalar ﬁeld theory, whose equation of 
motion
h¯2∂μ∂μψ(x) = 0, (14)
will be deformed by a non-local source term,
h¯2∂μ∂μψ(x) = λ
∫
d4xG(x− y)ψ(y), (15)
where λ is the coupling parameter which measures the coupling 
of the nonlocal part of this theory, and
G(x− y) =
∫
d4p
(2π)4
1
p2
exp ip.(x− y), (16)
where p2 = pμpμ , and its spatial part is pi pi . Now this can be 
written as
−
∫
d4x[δ(x− y)h¯2∂μ∂μψ(y) − λG(x− y)ψ(y)]
=
∫
d4pd4x
(2π)4
[(
p2 + λ
p2
)
exp ip.(x− y)
]
ψ(y)
= 0. (17)Hence, this non-local deformation of scalar ﬁeld theory will be 
produced by the following deformation of the four momentum
p2 → p˜2 = p2 + λ
p2
. (18)
If we consider the temporal deformation, we get an extra term 
of the form p−2 = (pμpμ)−1. However, by neglecting the temporal 
deformation, we are only left with spatial deformation of the form, 
(pi pi)−1. Thus, we can write the most general form of generalized 
uncertainty principle by taking such inverse powers into account,
pi → p˜i = pi
(
1+
∑
λ1r(p
j p j)
r/2 +
∑
λ2r(p
j p j)
−r/2) (19)
here λ1i and λ2i are suitable coeﬃcients. It may be noted that it 
is possible to consider both positive and negative values of λ1i
and λ2i . In fact, both positive and negative values of such coeﬃ-
cients for generalized uncertainty principle have been considered 
in analyzing the effects of generalized uncertainty principle on the 
thermodynamics of black holes [67–69]. However, if we want to 
impose the condition that λ1i > 0 and λ2i > 0, then we can write 
the most general form of deformation of the momentum operator 
as
pi → p˜i = pi
(
1±
∑
λ1r(p
j p j)
r/2 ±
∑
λ2r(p
j p j)
−r/2) . (20)
This is the most general form of deformation of the momentum 
operator that can be constructed, and it would be interesting to 
analyse speciﬁc limits of this deformation. Here we have included 
both even and odd powers of momentum in this deformation. 
However, the Hamiltonians with odd powers of momentum will 
violate parity, and this can also have interesting physical con-
siquences.
It may be noted that there is a interesting non-local deforma-
tion of the momentum operator, such that the one-dimensional 
Hamiltonian remains local. Now let us consider this simple limit 
of this general deformation of the momentum operator. So, this 
limit will contain a non-local term in the deformed momentum 
operator, but the Hamiltonian for a one dimensional particle con-
structed from such a deformed momentum operator will not con-
tain any such non-local term. This can be achieved if we consider 
the following the deformation of the momentum operator for a 
one dimensional system,
p → p˜ = p
(
1+ λ
p
)
. (21)
This will deform the usual Hamiltonian as
H = p
2
2m
+ V (x) → H + λHh, (22)
where
λHh = λpm . (23)
So, the new deformation scales as Hh ∼ p, and such a linear term 
in Hamiltonian is a totally new deformation. We will now anal-
yse its effect on simple quantum mechanical system. Now for this 
deformation by a p−1 term, the Hamiltonian is give by a sum of 
self-adjoint operators, and so this deformation is well deﬁned. Fur-
thermore, this deformation produces a odd power of momentum 
in the Hamiltonian, and so this Hamiltonian violates parity. It may 
be noted that even though the quadratic and linear generalized 
uncertainty principle has been motivated from minimum measur-
able length, and this length exists at Planck scale due to quantum 
gravitational effects, it is possible to take the minimum measur-
able length scale at an intermediate length scale between Planck 
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energy consequences [24]. In this paper, we will analyse the gen-
eralized uncertainty principle using non-local deformation of the 
momentum operator, and so we cannot directly relate this form of 
generalized uncertainty principle to the scale at which minimum 
length exists. However, we can still use the available experimental 
data to ﬁx a bound on λ. Thus, if such a nonlocal deformation of 
the coordinate representation of the momentum operator exists at 
a scale beyond the available experimental data, then such an effect 
can be used to detect using the results obtained in this paper.
4. Length quantization
One of the most interesting results of the deformation of mo-
mentum operator by a linear term is that it predicts the discretiza-
tion of space. It may be noted that it has been demonstrated that 
such a result occur for a deformation of the Heisenberg algebra 
motivated by the generalized uncertainty principle containing a 
linear term in momentum [35]. This is because the box can only 
contain a particle, if the box is a multiple of some fundamental 
length scale. This fundamental length scale does not depend on the 
length of a box, and as this holds for a box of an arbitrary length, 
it was proposed that all length in nature will be a multiple of this 
fundamental length scale. Thus, this deformation produced a dis-
crete structure for space. In fact, the generalization of such a result 
to a relativistic Dirac equation has also been done, and it was ob-
served that even in this case the space gets a discrete structure 
[36]. However, such a effect does not occur for the deformation 
motivated by the the generalized uncertainty principle containing 
a quadratic term in momentum. We will demonstrate that such an 
effect also occur due to the deformation of the momentum op-
erator by p → p(1 + λp−1). The deformation of a Schroedinger 
equation for a free particle, can be written as
d2ψ
dx2
+
(2ιλ
h¯
)dψ
dx
+ 2mE
h¯2
= 0. (24)
The solution to this deformed Schroedinger equation is given by
ψ = Ae ιh¯
[√
λ2+2mE−λ
]
x + Be −ιh¯
[√
λ2+2mE+λ
]
x
= Ae ιk1xh¯ + Be −ιk2xh¯ (25)
where k1 =
√
λ2 + 2mE −λ and k2 =
√
λ2 + 2mE +λ. Now the fol-
lowing boundary conditions hold for a particle in a box, x = 0, 
ψ = 0 and at x = L, ψ = 0. Thus, applying the ﬁrst boundary con-
dition, x = 0, ψ = 0 we get A = −B , so we can write
ψ = A
(
e
ιk1x
h¯ − e− ιk2xh¯
)
. (26)
Applying the second boundary condition x = L, ψ = 0, we obtain
A
(
e
ιk1 L
h¯ − e− ιk2 Lh¯
)
= 0. (27)
Now as A = 0, we can write
e
ι(k1+k2)L
h¯ = 1. (28)
Thus, we obtain
(k1 + k2)L
h¯
= 2nπ. (29)
So, the length of the box can be expressed as
L = n2π h¯ . (30)
k1 + k2Now using the values of k1 and k2, we obtain
L = nπ h¯√
λ2 + 2mE . (31)
Thus, no particle can exist in the box, if the length of the box is 
not quantized in terms of this discrete unit. However, as the box is 
of arbitrary length, this suggests that all lengths in space are quan-
tized in terms of this discrete unit. Thus, this deformation of the 
momentum operator predicts the discretization of space. It may be 
noted that a similar result about length quantization was obtained 
using the generalized uncertainty principle with a linear momen-
tum term [35,36]. So, what we have demonstrated is that the effect 
of the p−1 deformation is the quantization of length, and a simi-
lar effect can also be generated from a the generalized uncertainty 
principle with a linear momentum term [35,36]. It may also be 
noted that for the deformation by a linear term, the unite of this 
discretization did not depend on the energy of the probe. However, 
for the deformation produced by p−1 term, the unite of discretiza-
tion depends on the energy of the particle used to probe it. Thus, 
we obtain a geometry, where the structure of space depends on 
the energy of the probe. It may be noted that the gravity’s rainbow 
has been constructed by assuming that the geometry of spacetime 
depends on the energy of the probe [79–83]. The gravity’s rain-
bow can be motivated from the string theory [84]. This is because 
the constants in a ﬁeld theory ﬂow due to the renormalization 
group ﬂow, and so they depend on the scale at which a ﬁeld the-
ory would be probed. However, the scale at which a theory will 
be probed would depend on the energy of the probe. Thus, as the 
constants in a ﬁeld theory depend explicitly on the scale at which 
such a theory is probed, they also depend implicitly on the energy 
of the probe. Now it is also known that the string theory can be 
regarded as a two dimensional conformal ﬁeld theory, and the tar-
get space metric can be regarded as a matrix of coupling constants 
of this two dimensional conformal ﬁeld theory. Thus, the target 
space metric will also ﬂow due to the renormalization group ﬂow. 
This would make the metric of the spacetime depend on the en-
ergy of the probe producing gravity’s rainbow. Now as the string 
theory has also been used as a motivation for the generalized un-
certainty principle [1–6], it was expected that a certain forms of 
generalized uncertainty principle could produce similar results.
Here we have been able to demonstrate that this particular 
form of generalized uncertainty principle makes the microscopic 
structure of space depend on the energy of the probe. So, it is pos-
sible that such a deformation can change the macroscopic struc-
ture of spacetime, and make it energy dependent. However, to 
construct such a theory, we would ﬁrst have to analyse such an 
effect on curved spacetime. It has been demonstrated that the de-
formation by a linear momentum term also leads to a discreteness 
of space, even when a weak gravitational ﬁeld is present [85]. It 
would be interesting to carry out such calculations for the de-
formation by a p−1 term. It is expected that again the unite of 
discretization will depend on the energy of the probe. Then it 
might be possible to analyse the ﬁrst order corrections to the 
macroscopic geometry, due to this energy dependent discreteness. 
It would then be possible to absorb such energy dependence in the 
metric, and this would make the metric energy dependent, and 
we will be able to obtain results similar to gravity’s rainbow. It 
may also be noted that it has been demonstrated the generalized 
uncertainty principle in curved spacetime lead to a deformation 
of the equivalence principle [86,87], and doubly special relativity 
(which is the main motivation for gravity’s rainbow) is also based 
on the modiﬁcation of the equivalence principle [26–28]. This is 
another reason to expect that a certain form of generalized un-
certainty principle could produce results similar to the gravity’s 
rainbow.
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In this section, we will analyse the effect of this deformation 
on a harmonic oscillator. The harmonic oscillator is important as 
it forms a toy model for various different physical systems. The 
Hamiltonian for the harmonic oscillator gets deformed by this gen-
eralized uncertainty principle as The deformed Hamiltonian for 
harmonic oscillator is
H = p
2
2m
+ kx
2
2
→ p
2
2m
+ kx
2
2
+ λp
m
.
The ﬁrst order correction to the ground state of this harmonic os-
cillator is given by
E0 =
+∞∫
−∞
ψ0
∗(λp
m
)
ψ0dx
= −ιh¯λ
m
+∞∫
−∞
ψ0
d
dx
(ψ0)dx, (32)
where ψ0 is the ground state wave function of the original har-
monic oscillator (without any contribution from λP/m), and it is 
given by (with α =mω/2h¯),
ψ0 =
(mω
π h¯
) 1
4
e−αx2 . (33)
Now using dψ0/dx = −2αxψ0, we obtain
E0 =
(mω
π h¯
) 1
2 λ(−ιh¯)
m
+∞∫
−∞
e−2αx2(−2αx)dx
= 0. (34)
Thus, there is no effect of this deformation on the ground state 
energy of a harmonic oscillator at ﬁrst order of the perturbative 
expansion.
Even though the ground state energy of the harmonic oscillator 
does not get effected by this deformation at the ﬁrst order, we 
will now demonstrate that there is a contribution to the energy of 
the harmonic oscillator from the deformation at second order. The 
second order correction to a general energy eigen state, from this 
deformation, is given by
E(2)n = m =n
|〈ψm| λpm |ψn〉|2
E[0]n − E[0]m
. (35)
Now for the ground state |ψn=0, and so we can write the second 
order correction to the energy of the ground state of the harmonic 
oscillator as
E(2)0 = m =0
|〈ψm| λpm |ψ0〉|2
E[0]0 − E[0]m
= m =0 |
−ιh¯λ
m 〈ψm| ddx |ψ0〉|2
E(0)0 − E(0)m
= m =0 |
−2ιλh¯α
m 〈ψm|x|ψ0〉|2
E(0)0 − E(0)m
. (36)
Now we can write
〈ψm|x|ψn〉 = 0, m = n ± 1,
〈ψm|x|ψn〉 =
√
n + 1
2γ
, m = n + 1,〈ψm|x|ψn〉 =
√
n
2γ
, m = n − 1, (37)
where γ =mω/h¯. Now the third condition gives an unphysical re-
sult, and so we only consider |ψm=1〉 and |ψm =1〉. Now for |ψm=1〉, 
if E0 and E1 are unperturbed original ground state and ﬁrst ex-
cited state energies of the harmonic oscillator given, then we can 
write E0 = h¯ω/2, and E1 = 3h¯ω/2, so we obtain
E(2)0 = −
λ2
2m
. (38)
However, for m = 1, we obtain
E(2)0 = 0. (39)
Thus, there is no second order correction for |ψm =1〉, however, the 
energy of the harmonic oscillator receives a second order correc-
tion for |ψm=1〉. It is interesting to note that various physical sys-
tems can be represented by a harmonic oscillator, and this includes 
heavy meson systems like charmonium [77]. The charm mass of 
this system is mc = 1.3 GeV/c2. The binding energy of this system 
is approximately equal to the energy gap separating the adjacent 
levels, which is given by h¯ω ∼ 0.3 GeV. The current level of preci-
sion measurement is of the order 10−5 [78]. Thus, we can use this 
to set a bound on λ as λ ≤ 10−21. So, the value of λ parameteriz-
ing this deformation cannot exceed this value, as this bound would 
violate experimentally known results.
6. Landau level
In this section, we will analyse the effect of such a deformation 
on Landau levels. A charged particles in a magnetic ﬁeld can only 
occupy orbits with discrete energy values due to quantum mechan-
ical effects. These discrete energy values are called Landau levels. 
These Landau levels are degenerate, and the number of electrons 
in a given level is directly proportional to the strength of the ap-
plied magnetic ﬁeld. Now we will analyse the effect of deforming 
the momentum operator by p → p(1 +λp−1) on Landau levels of a 
system. The Hamiltonian for this system will get corrected by this 
deformation as
H = (p − eA)
2
2m
→ (p − eA)
2
2m
+ λ(p − eA)
m
(40)
= H + λHh,
where A is the vector potential applied to this system. We can 
express the correction term generated from the deformation of this 
system Hh , in terms of the original Hamiltonian H as
Hh =
√
2λ(H)
1
2
(m)
1
2
. (41)
So, the ﬁrst order correction to the energy of the n state can be 
written as
En = 〈ψn
∣∣∣∣
√
2λH
1
2
(m)
1
2
∣∣∣∣ψn〉
=
√
2λ(h¯ω)
1
2 (n + 12 )
1
2
(m)
1
2
. (42)
Now the corrections to energy of this system is given by
En
E(0)
=
√
2λ(h¯ω)
1
2 (n + 12 )
1
2
(m)
1
2 (n + 1 )h¯ω
. (43)
n 2
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E1
E(0)1
=
√
2λ
√
h¯ω
√
m
√
3
2
= 2λ√
3h¯mω
. (44)
Thus, the energy of the Landau levels gets corrected at ﬁrst or-
der due to the deformation of the momentum operator. It may be 
noted that Landau levels have been determined using the scan-
ning tunneling microscope, and for an electron in a magnetic ﬁeld 
of 10T , we obtain ω = 103 GHz, and so the bound on λ from the 
Landau levels is also of the order λ ≤ 10−22. This bound on the 
value of λ is again obtained using experimental data, and so λ
greater than this value would violate known experimental results 
for Landau levels.
7. Lamb shift
In this section, we will analyse the effect of this deformation 
on the Lamb shift. The Lamb shift occurs due to the interaction 
between vacuum energy ﬂuctuations and the hydrogen electron in 
different orbitals. This shift can be calculted using quantum theory 
of the hydrogen atom, and so we expect that the wave function 
describing this system will get corrected due to the deformation of 
the momentum operator. Thus, we will analyse the effect of this 
deformation on the wave function of such a system. The potential 
energy of this system can be expressed as V (r) = −k/r and so we 
can write the deformation of the Hamiltonian for this system as
H = p
2
2m
− k
r
→ p
2
2m
− k
r
+ λp
m
. (45)
To ﬁrst order, the wave function of this system can be expressed 
as
|ψnlm〉1 = |ψnlm〉 + n′l′m′ =nlm en
′l′m′|nlm
E(0)n − E(0)n′
|ψn′l′m′ 〉, (46)
where
en′l′m′|nlm = 〈ψn′l′m′ |λpm |ψnlm〉. (47)
Now for the ground state, n = 1, l = 0, m = 0, and the wave func-
tion is given by
ψ100 = 1√
πa30
e
− ra0 . (48)
So, for the ﬁrst excited state with l = 0, we have m = 0 and n = 2, 
and the wave function can be written as
ψ200 = 1√
8πa30
(1− r
2a0
)e
− r2a0 . (49)
The radial momentum operator can also be expressed as
p = − ιh¯
r
d
dr
(r) = − ιh¯
r
. (50)
Thus, we obtain
e200|100 = (−ιh¯λ)
m
∞∫
0
π∫
0
2π∫
0
1√
8πa30
(
1− r/2a0
)
×e−r/2a0 1
r
1√
πa3
e−r/a0r2 sin θdrdθdφ
0= − ιh¯λ
m
√
8πa30
√
πa30
∞∫
0
r(1− r
2a0
)e
−3r
2a0 dr
×
π∫
0
sin θdθ
2π∫
0
dφ
= −ιh¯λ4π
ma30π
√
8
[ ∞∫
0
re
− 3r2a0 dr − 1
2a0
∞∫
0
r2e
− 3r2a0 dr
]
.
= −ιh¯λ
√
32
m27a0
. (51)
To the ﬁrst order, the correction to the ground state wave function 
is given by
ψ100(r) = ψ(1)100 − ψ(0)100 (52)
= e200|100
E(0)1 − E(0)2
ψ200(r),
where En = −E0/n2 and E0 = 13.6 eV. Thus, we have E1 = −E0
and E2 = −E0/4 Thus, the ﬁrst order correction to the ground 
state wave function can be written as
ψ100(r) = −ιh¯λ
√
32
m27a0
1
(−E0 + E04 )
ψ200(r)
= ιh¯λ 8
√
8
m81a0E0
ψ200(r). (53)
Thus, the wave function for the Lamb shift gets corrected due to 
the deformation of the momentum operator. As the Lamb shift 
depends on the wave function, so a deformation of the wave func-
tion, will also deform the Lamb shift. Hence, the Lamb shift will 
get corrected at ﬁrst order due to this deformation of the momen-
tum operator. The Lamb shift for the nth level is given by
E(1)n = 4α
2
3m2
(
ln
1
α
)
|ψnlm(0)|2 . (54)
Varying ψnlm(0), the additional contribution due to deformation in 
proportion to its original value [40]
E(1)n(c)
E(1)n
= 2|ψnlm(0)|
ψnlm(0)
, (55)
where E(1)n(c) is the corrected energy due to deformation of the 
momentum operator. Thus, for the ground state, the effect of this 
deformation can be written as
E(1)1(c)
E(1)1
= 2.7λ × 1023. (56)
As the current accuracy of precision in the measurement of Lamb 
shift is one part in 1012, we get the bound on λ ≤ 10−35. Thus, 
the value of λ has to be less than this amount, to be consistent 
with present accuracy of measurement of the Lamb shift. It may 
be noted as the Lamb shift is measured with more accuracy than 
Landau levels, or a system represented by harmonic oscillator, it 
produces the lowest bound on the value of λ.
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In this section, we will analyse the effect of this deformation on 
a potential barrier. The potential barrier is important physically as 
it can be used to model different physical systems like the scan-
ning tunneling microscope. Thus, we will deform the momentum 
by p → p(1 + λp ), and analyse its effects on a potential barrier. The 
deformed Schroedinger equation for this system can be written as
d2ψ
dx2
+
(2ιλ
h¯
)dψ
dx
− 2m(V0 − E)
h¯2
ψ = 0. (57)
We will now analyse the solutions to this deformed Schroedinger 
equation for different regions of this system.
In the ﬁrst region, we consider V = 0, and the deformed 
Schroedinger equation in this region can be written as
d2ψ1
dx2
+
(2ιλ
h¯
)dψ1
dx
+ 2mE
h¯2
ψ1 = 0. (58)
The solutions to this deformed Schroedinger equation in this re-
gion can be written as
ψ1 = Ae
ι
h¯
[√
λ2+2mE−λ
]
x + Be− ιh¯
[√
λ2+2mE+λ
]
x
. (59)
Here the second part represents a reﬂected wave from the barrier. 
The ﬁrst part can behave like an incident positive wave, if it satis-
ﬁes the following condition,∣∣∣∣√λ2 + 2mE
∣∣∣∣> |λ|. (60)
If this condition is not imposed, we will obtain an unphysical re-
sult. Now we can write this solution as
ψ1 = Aeιk1x + Be−ιk2x (61)
where k1 = (
√
λ2 + 2mE − λ)/h¯ and k2 = (
√
λ2 + 2mE + λ)/h¯. In 
the second region, we consider V = V0, and so the deformed 
Schroedinger equation can be written as
d2ψ2
dx2
+
(2ιλ
h¯
)dψ2
dx
− 2m(V0 − E)
h¯2
ψ2 = 0. (62)
The solution to this deformed Schroedinger equation can be writ-
ten as
ψ2 = Ceιk3x + De−ιk4x, (63)
where k3 = (
√
λ2 − 2m(V0 − E) − λ)/h¯ and k4 =
(
√
λ2 − 2m(V0 − E) + λ)/h¯. The only difference between the so-
lution in the third region and solution in the ﬁrst region is that 
there is no reﬂected wave in the third region. So, the solution to 
the deformed Schroedinger equation in the third region can be 
written as
ψ3 = Eeιk1x (64)
where k1 = (
√
λ2 + 2mE − λ)/h¯.
The most important thing for such systems is the transmission 
coeﬃcient T , and we want to analyse the effect of this deformation 
of the momentum on the transmission coeﬃcient of this system. 
Thus, we will now analyse the effect of this deformation on the 
incident current density J I and the transmitted current density J T ,
J I = h¯k1
m
|A|2.
J T = h¯k1 |E|2. (65)
mNow to the ﬁrst order in λ, the value of constants k1, k2, k3, k4 can 
be written as
k1 = 1
h¯
(√
2mE − λ
)
,
k2 = 1
h¯
(√
2mE + λ
)
,
k3 = 1
h¯
(√
2m(V0 − E) − λ
)
,
k4 = 1
h¯
(√
2m(V0 − E) + λ
)
. (66)
Thus, using the standard analysis for the barrier potential, the ef-
fect of the deformation on the potential barrier, will be given by
E
A
=
[
e−ι(k1+k4)a
(
k3k1 + k1k4
)]
×
[
(k3 − k1)
[
k2(k1 + k4)
(
1− e−ι(k3+k4)a
)
−k4(k1 + k2)
]
+ k3(k1 + k4)e−ι(k3+k4)a
]−1
. (67)
It may be noted that if T0 is the original transmission coeﬃcient 
for the potential barrier, and T is the transmission coeﬃcient for 
the potential barrier obtained by deforming the coordinate repre-
sentation of the momentum operator, then we can write
T = J T
J I
=
∣∣∣∣ EA
∣∣∣∣
2
. (68)
Furthermore, if I0 is the original tunneling current, and I is the 
tunneling current for the deformed system, then we can write [40]
I
I0
= T
T0
= 1
T0
∣∣∣∣ EA
∣∣∣∣
2
. (69)
So, we expect an excess tunneling current generated from the de-
formation of this system,
I − I0
I0
=
[
1
T0
∣∣∣∣ EA
∣∣∣∣
2
− 1
]
. (70)
This excess tunneling current can be detected experimentally by 
using precise experiments, if such a deformation of this system 
exists. Thus, this excess tunneling current can be used to test the 
effects of this deformation proposed in this paper.
9. Conclusion
In this paper, we proposed the most general form of the gen-
eralized uncertainty principle. It is known that the generalized 
uncertainty principle deforms the coordinate representation of the 
momentum operator. Thus, we construct the most general form 
of such a deformation of the momentum operator. Such a general 
deformation of the momentum operator contains both fractional 
derivative terms, and nonlocal terms which can be expressed as 
kernels of some integral operator. We also analyse a speciﬁc limit 
of this most general form of the deformation of the momentum 
operator, for one dimensional systems. In this limit, the momen-
tum operator contains nonlocal terms, however, the quantum me-
chanical Hamiltonian for all one dimensional systems is local.
We analyse the effect of the speciﬁc deformation on a harmonic 
oscillator and observe that its there is no correction to the energy 
of the harmonic oscillator at ﬁrst order. However, the energy of the 
harmonic oscillator does get corrected at second order. We analyse 
the corrections to the energy of Landau levels, and observe that 
226 S. Masood et al. / Physics Letters B 763 (2016) 218–227Landau levels gets correct at ﬁrst order due to this deformation of 
the momentum operator. The wave function describing the Lamb 
shift also gets corrected at ﬁrst order of the perturbation theory. 
We also observe that the transmission coeﬃcient of a barrier po-
tential gets modiﬁed due to this deformation of the momentum 
operator. Finally, we calculate the effect of this deformation on the 
particle in a box. We observe that no particle can exist in a box, 
if the length of the box is not quantized. We used this to argue 
that the space is quantized in terms of discrete units. It is inter-
esting to note that unlike the previous linear deformation, in this 
deformation the discretization of length depends on the energy of 
a system. Such a dependence of the structure of spacetime on the 
energy used to probe it is the basis of gravity’s rainbow [79–83]. 
It may be noted that gravity’s rainbow has been motivated from 
string theory [84], and string theory has also been also used as 
a motivation for generalized uncertainty principle [1–6], so it is 
expected that some form of generalized uncertainty principle can 
produce results similar to gravity’s rainbow. Furthermore, gravity’s 
rainbow has been used to explain the hard spectra from gamma-
ray burster’s [31]. It would be interesting to investigate the relation 
between this formalism and gravity’s rainbow further. As the de-
formation studied in the paper can produce conclusions similar to 
gravity’s rainbow, it might be possible that the deformation used in 
the paper might also help explain the hard spectra from gamma-
ray burster’s.
The deformation of the coordinate representation of the mo-
mentum operator will deform all quantum mechanical systems, in-
cluding the ﬁrst quantized ﬁeld theories. It may be noted that the 
ﬁeld theories motivated by the generalized uncertainty principle 
have been studied [38–45]. It was observed that the ﬁrst quantized 
equations of motion for such ﬁeld theories gets deformed due to 
the deformation of the Heisenberg algebra. It would be interesting 
to perform a similar analysis for ﬁeld theories deformed using the 
deformation proposed in this paper. It is expected that such a de-
formation will give rise to non-local terms. Furthermore, it would 
be interesting to analyse the gauge symmetry corresponding to 
such non-local gauge theories. It is known that the non-local gauge 
theories are usually invariant under a non-local gauge transforma-
tion. Thus, we expect that the gauge theories obtained from such 
a deformation of ﬁeld theories would be invariant under non-local 
gauge transformations. It would be interesting to analyse the ef-
fect of non-locality on different processes and amplitudes in these 
non-local theories. These non-local gauge theories can be used to 
analyse the effects of non-locality on the one-loop amplitudes and 
renormalization group ﬂow. Finally, we can also analyse some for-
mal aspects of such theories. So, we can analyse the BRST quanti-
zation of these deformed non-local gauge theories. We expect that 
as these gauge theories would be invariant under a non-local gauge 
transformation, the BRST symmetry for these gauge theories would 
also contain non-local terms. It would be interesting to analyse the 
effect of such non-locality on the BRST symmetry of this theory.
It is also possible to incorporate the generalized uncertainty 
principle in Lifshitz ﬁeld theories [45]. As we have proposed a new 
deformation of the momentum operator, it would be interesting to 
incorporate such a deformation of the momentum operator in ﬁeld 
theories based on Lifshitz scaling. It is expected that the deforma-
tion parameter would break the Lifshitz scaling. However, such a 
parameter can be promoted to a background ﬁeld, and this ﬁeld 
can be made to transform in the appropriate way to preserve the 
Lifshitz scaling. It has been observed that the van der Waals and 
Casimir interaction between graphene and a material plate can be 
analysed using Lifshitz scaling [88]. In fact, the van der Waals and 
Casimir interaction between a single-wall carbon nanotube and a 
plate can also be analysed using Lifshitz scaling [88]. It would be 
interesting to analyse the deformation of this system by the gen-eralized uncertainty principle. It may be noted that Lamb shift 
[89,90] and Landau levels [91,92] have been recently studied in 
graphene, and so it would be interesting to analyse the effects of 
generalized uncertainty principle on Landau levels and Lamb shift 
in graphene.
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